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Application of variational methods for generating adaptive grids is not as straightforward as one is led to
believe. Proper scaling, suitable weight functions, and appropriate clustering on boundaries must be employed
to obtain a satisfactory grid. This work, which is based on the framework developed by Brackbill and Saltzman,
provides simple methods for determining scaling and investigates possible options for selecting the weight func-
tion and clustering points on the boundaries. The concepts developed here are applied to 2 two-dimensional
problems: a model problem based on Burger’s equation containing two length scales and transonic flow past air-

foils using the Euler equations.

Introduction

T is generally believed that it takes more than an efficient

algorithm to obtain an accurate solution of a complex
problem. The grid employed can have a profound influence on
the quality and the convergence rate of the solution.
Moreover, with the limited storage capabilities of available
computers, it is imperative that one concentrates grid points
where needed to obtain an accurate solution. This can be
achieved by employing adaptive grids.

An adaptive grid is a grid that controls the placement of
grid points automatically based on the solution of the
physical problem under consideration. An objective of such
an adaptation is the minimization of error by the equidistri-
bution of some property of the solution. There are a number
of methods for attaining such an objective. Most of these
methods can be derived from variational principles!-? which,
in turn, lead to Euler’s variational equations. We selected the
method of Brackbill and Saltzman? for further investigation
because of its conceptual simplicity and because it can ac-
commodate problems characterized by a number of length
scales. In addition, it can be extended with little difficulty to
three-dimensional grids. The method considers three aspects
that are desirable in a mesh: global smoothness, orthogonal-
ity, and grid cell size variation. This last quality is responsi-
ble for clustering mesh points where needed to more ac-
curately resolve some quantity in the solution.

The objective of this work is not to concentrate on a given
problem and generate the best grid the variational method of
Ref. 3 can produce. It is much broader than that. When one
employs a variational method of the type considered here,
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one must address important questions pertaining to scaling,
weight function selection, and clustering of points on the
boundary. Failure to heed any of the above will defeat the
purpose of adaptation. The above questions are discussed in
conjunction with two problems representative of viscous and
inviscid flows. The first involves a solution of the two-
dimensional Burger’s equation for some difficult boundary
conditions that result in a shock wave and a boundary
layer.* The second involves the solution of the Euler equa-
tions of gasdynamics for transonic flows past airfoils. The
algorithm employed is that developed by Jameson et al.®

Analysis

Problem Formulation

As was indicated above, the method of Ref. 3 considers
three desirable qualities in a grid: smoothness, orthogonality,
and cell size variation. If x,y represent the coordinate in the
physical plane and &,5 the coordinates in the computational
plane, then the quantity (V£)?+(V7)? represents the varia-
tion of &,7 over the field or a measure of the roughness of
the field. Thus, a smooth grid is one resulting from minimiz-
ing the integral

L={[(VE)?+(Vn)*]dxdy )

In a similar manner the quantity V- Vy is zero for an or-
thogonal grid, and thus, is a measure of departure from
orthogonality. Therefore, to minimize departure from or-
thogonality, one must minimize the integral

I, ={(vE-vn)23dxdy V)
where J is the Jacobian of transformation

_ 0(xp)

=) T &)

If one wants to concentrate small cells where a strictly
positive weight function w is large, then one would like the
product of the cell area and the weight function to be con-
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stant. This can be obtained by minimizing the integral
I, ={wJdxdy @

Finally, if it is desired that the grid has all of the above
aspects, then a weighted sum 7 of the above integrals, i.e.,

I=1,+N,J1,+ N1y (5)

must be minimized. In this work both A, and A\, are chosen
constants.

The grid is generated by solving the Euler equations
associated with minimizing the integral indicated in Eq. (5).
These equations (2 in two dimensions, 3 in three dimensions)
are given in Appendix A. They are, in general a quasilinear
coupled system of elliptic equations. Their solution depends
on boundary geometry and conditions, Ay, A, and the weight
function w. Thus, use of variational techniques for grid
adaptation requires the user to specify Ay, A,, w and the
manner in which boundary points should be allowed to
move.

Minimization of I, alone gives the ‘‘smoothest’’ possible
grid; minimization of I, alone results in the most ‘‘globally
orthogonal’’ grid, while minimizing 7, alone yields a grid
with the desired volume variation as specified by the weight
function w. If J,w>0, then the solution of the volume varia-
tion part of mesh generator is?

wJ? = const 6)

This fact can be used to determine the extent to which a
given mesh has adapted. The quantity wJ? will be referred to
as the adaptivity product.

Scaling

Because the orthogonality and volume control constants
Ao and A\, must be specified a priori, and because it is
desirable to control the relative measure of the three grid
characteristics, a scaling analysis must be performed to
establish the magnitudes of the three integrals. The need for
such an analysis becomes evident upon examination of the
character of the Euler equations that result from minimizing
I, I,, and ], individually. These are elliptic, degenerate, and
of mixed type, respectively. Thus, if A\, and A, are chosen at
random, the resulting problem may be ill posed and a solu-
tion will not be possible. On the other hand, if \, and A, are
too small, little adaptation and orthogonality control will
result.

The first type of scaling that should be performed is
global. The Jacobian is implicitly embedded in the transfor-
mation, yet its magnitude is arbitrary. Thus, the global scal-
ing analysis will be based on J. Hence, for two dimensions,

a3 4 (Y s
T=xey, x,,yg_o< a6 o) 0lag) = @

The integrands of I, I,, and I, are easily shown to be of
order

1,wh*,h* (8)

If w is chosen to be of order 1, then A, and A\, must be
chosen so that

No=B,/h, No=Bo/h* ©)

with 3, and B, of order 1-10. The above choice insures that
all components of i are of the same order.

The above scaling by itself is inappropriate when J
changes by several orders of magnitude as is the case for ap-
plications involving nearly ‘‘unbounded’ domains (e.g.,
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flows past airfoils). For example, solutions based on the
potential equation or the Euler equations employ grids where
the ratio of J,,, to Jyi, can exceed 106. Because the weight
function normally has a limited range and because the grid is
trying to adapt according to Eq. (6), the solution will at-
tempt to make J? = const. Thus, instead of clustering points
close to the airfoil surface, the above procedure ends up do-
ing the opposite.

The solution to this problem can be deduced from Eq. (8).
Rather than requiring w to be of order 1, one should require
wJ? to be of order 1. This indicates a choice of w of the type

w(x,y)~(V)? 10)

where f is a solution property selected by the user. Upon
transformation, Eq. (10) can be written as

w=wy(£,1)/J? (11

with w, being of order unity. This choice of w requires a A,
or order 1. Parameters employed in this work were chosen in
such a way as to maintain the elliptic character of the equa-
tions governing the grid. Such a choice will prevent over-
adaptation.

Results and Discussion

There are two approaches for generating adaptive grids for
time or pseudo-time-dependent problems. In the first, the
grid evolves with the solution at each time step. In the sec-
ond, the grid is changed only at selected times. In this work
grids were changed at selected time or iteration steps.
Because of this, interpolation was used to transfer values
from the old grid to the new. Based on our experience, the
initial grid for the calculation of problems characterized by a
number of length scales must be capable of resolving all
length scales. Moreover, if the weight function does not
reflect the correct physics of the problem, then the grid can-
not possibly adapt in a manner that will bring about an ac-
curate solution of the problem. Therefore, adaptation should
not start before the solution exhibits the correct physical
features of the final solution.

The weight function may be chosen as a first or second
derivative (or a combination of both) of a solution property
or combination of solution properties. Because of errors
associated with numerical differentiation, it may be
necessary to smooth the weight function before commencing
with the grid calculations. We experimented with first and
second derivative-type weight functions. In general, the latter
required more smoothing. Based on the results, the extra ef-
fort could not be justified. Therefore, all the results
presented here employed first derivative weight functions.

Linear Burger’s Equation

Global scaling is incorporated into the grid algorithm to
obtain the solution of Burger’s equation:

U, ~U,+ Uy =€e(Uyg + U,,) (12)

subject to the boundary conditions*
Ux,0)=U0,y)=1, U(x,1)=0, x>0

1, y=<0.5
U(ly) =
0, y>0.5 (13)

The solution to this problem has a ‘‘boundary layer’’ along
the y=1 line from x=0 to x=0.5, and a ‘‘shock’ along the
line connecting the points (0.5, 1.0) and (1.0, 0.5). The
points on the boundary were allowed to move to insure or-
thogonality there.

A number of choices of w based on the gradients of U
were investigated. To test the concepts developed for global
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Fig. 1 Solution (1)), weight function (w), adaptivity product (wJ?),
and grid normal view for Burger’s equation solution (e=0.1,
B,=10, 85 =0).
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Fig. 3 Solution (U), weight function (w), adaptivity product w3,
and grid normal view for Burger’s equation solution (e=0.01,
B,=10, Bo=1).

Table 1 Grids used in FL052 calculations
of NACA 0012 airfoil flows

Boundary point

Grid Type distribution

1 Nonadaptive Fixed
(standard FL052)

2 Nonadaptive Fixed

(“‘smooth,” 8,=0, B =0)

3 Adaptive Fixed
(B,=10, By=0)

4 Adaptive Grid normal to
B, =10, Bo=0) airfoil surface

5 Adaptive (5i/Smaxdy=1="(51/Smax)y =2
(Bv = 10) BO :0)

wix.y) Geid: Normal Yiew

Max = 4715 Max = 0.

Fig. 2 Solution (U), weight function (w), adaptivity product (wJ?),

and grid normal view for Burger’s equation solution (e=0.01,
B8,=10, B, =0).

scaling, the weight function is chosen as
w=C, IvVUI°+C, 14)

where C;, C,, and ¢ are constants and are chosen so that w
is of order 1. Figures 1-3 are based on the above choice with
C, =5, C,=0.25, and 0=0.5. In Fig. 1, ¢e=0.1, 8,=10, and
Bo=0. In Figs. 2 and 3, ¢=0.01, §,=10, and B,=0,1,
respectively. All figures show the solution U, the weight
function w, wJ?, and the resulting grid. As is seen from the
figures, clustering is indicated around the shock wave and

boundary layer. Moreover, they show that wJ? is almost
constant, indicating a successful adaptation.

Transonic Airfoils

Among the schemes for adapting grids in flows past air-
foils at transonic Mach numbers, Nakamura® determines the
weight function from a diffusion-like equation and employs
the potential equation to determine the flowfield. On the
other hand, the scheme of Steinbrenner et al.” employs equi-
distribution in one coordinate direction, similar to that used
by Dwyer® and Gnoffo,” in conjunction with Euler equa-
tions. In this work, the solution algorithm employed is a ver-
sion of FLO052 developed by Jameson et al.,® and the weight
function employed had the form indicated in Egs. (10) and
(11). The method of solution of the equations that govern
the grid is outlined in Appendix A.

In the remainder of this section, comparisons of surface
pressure distributions computed by the FL052 code on an
NACA 0012 airfoil using five different grids, both adaptive
and nonadaptive, will be shown. The free-flight conditions
for all runs were the same, namely, M, =0.8 and a=0. The
properties of the various grids are summarized in Table 1.

Details of the native grid employed by FL052 for
calculating transonic flow on an NACA 0012 airfoil are
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Fig. 4 Selected portions of grid 1.
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Fig. 5 Selected portions of grid 2.
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Fig. 6 Pressure distribution comparison: grid 1 (solid line), grid 2
(symbols).
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Fig. 7b Pressure distribution comparison: grid 1 (solid line), grid 3
(symbols).

shown in Fig. 4 (grid 1 in Table 1). For the sake of clarity,
only the grid in the immediate neighborhood of the airfoil is
pictured. Figure 5 gives similar details for grid 2, that is, the
“smooth’’ grid corresponding to 8, =8, =0. Although both
grids employ the same number of cells (80x20), grid 1
clusters more points closer to the airfoil surface. Figure 6
compares the pressure distributions computed on grids 1 and
2. The solid line is the solution of FL052 on its ‘‘own’” grid
(i.e., grid 1), while the symbols denote the solution on grid
2. In spite of the differences in the two grids, the two
calculations are in good agreement with each other.
However, neither calculation resolves the shock well because
the grids are somewhat coarse in the region of the shock.

The results given below compare the pressure distributions
on grid 1 with those obtained with various adaptive grids
(grids 3-5). In all of the adaptive calculations, the quantity f
in Eq. (10) is taken to be the pressure. With the weight func-
tion w thus specified, the only remaining input for the solu-
tion of the adaptive grid problem is a scheme for distributing
and moving points on the airfoil boundary. As indicated in
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Fig. 8b Pressure distribution comparison: grid 1 (solid line), grid 4
(symbols).

s

Table ‘1, three methods were considered here. In the first
(grid 3), points on the airfoil boundary were not allowed to
move. In the second (grid 4), points were allowed to move to
insure, to the highest degree possible, orthogonality on the
airfoil boundary. The last scheme (grid 5) requires the point
distribution on the boundary to be proportional to that on
the first interior grid line. That is,

(si/smax)n=l = (si/smax)n=2 (15)

where s is the arc length, n=1 represents the airfoil surface,
and n=2 signifies the initial interior grid line. Implementa-
tion of the second method is discussed in Appendix B.

The results of the calculations outlined above are shown in
Figs. 7-9. Recall that the solid line represents the solution
obtained by FL052 on its ‘““‘own’’ grid (grid 1). Each of the
figures illustrates details of the adaptive grid for 8,=10 and
B, =0 close to the airfoil and a comparison of the pressure
distributions obtained by FL052 on grid 1 and one of the
adaptive grids. In all of these cases, better resolution of the
shock is indicated. Since the total number of points on the
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Fig. 9b Pressure distribution comparison: grid 1 (solid line), grid 5
(symbols).

boundary remained fixed for all calculations, a coarser grid
results around the leading and trailing edges when points on
the boundary are permitted to move. In spite of this
undesirable behavior, the calculated pressure distribution re-
mains in good agreement with the FLO52 solutions computed
on grid 1 in these regions.

Concluding Remarks

A simple scaling procedure is incorporated into the
Brackbill and Saltzman method for generating adaptive
grids. It is shown that the procedure dictates certain forms
of the weight function necessary for successful grid adapta-
tion. Two problems representative of viscous and inviscid
flows of current interest are considered. Based on our ex-
perience with the method, it is felt that variational methods,
when coupled with proper scaling, are highly suited for
generating adaptive grids.

It should be pointed out that the procedure presented here
for generating adaptive grids is general and flexible so that it
can be incorporated with little effort into other flow solvers.
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The cost of grid adaptation depends on the frequency of
generation of a new grid. In general, if one seeks a steady-
state solution, then there is little to be gained from repeated
grid generation.
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Appendix A: Grid Equations and Their Solutions

As a first step in deriving the Euler equations for the
variational problem under consideration, the integrals de-
fined by I, I, and I, are transformed to the computational
plane (£,9). Noting that?

Ex=y /s Ey==X 00, ==y, my=x/d (Al
the integrals under consideration can be represented as
I,=iF,d¢dn, 0=5,0,0 (A2)
where
Fi= (g +x2+yi+y2) 17
Fy= (X%, +y:9,)?
F,=wJ? (A3)

The desired Euler equations in two dimensions can be
written as

a o 9 a a)
——— ———— —}(EF,)=0 A4
ox 8¢ dxy I ox, (LFe) (A4)
3 a 9 ad a)
—— ——— — ) (XF,)=0 AS
<8y ¢ dy, dn 9y, (A3)

Substitution of Eqs. (A3) into Eqgs. (A4) and (AS5) and carry-
ing out the indicated operation, one finds that the grid equa-
tions take the form

by Xer + 02Xy +b3X, F @ Y @y, +asy,, =d, (A6)

axg; t @ X, +asx, + Cyy+Cy, +Cyy,, =d, (A7)

where
ay =ag + NoQoi + N, Wa (A8)
by =bgy +Nboy + N, Wby, (A9)
Ck=Csk+)\OCOk+)\vWCUk (A]O)
with

Aoy = _AO(, 2A67 —A'Y
by =Ba, —2BB, By

¢y =Ca, —2CB, Cy (All)

Qo =Xy Vys XeVy X, Ve Xely
b0k=x$1’ 2(2xp, + Yy, x%

Cox =Y2, 2(X X, +2V:0,)s Vi (A12)
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Ao = —XyVys XeYy XV, =Xl

b=y, =25y, V}

Cou=x2, —2x;X,, X} (A13)

J: ow S oow
di=—— "\, dy=—"—" 1, Al4
1 2 ax v 2 2 ay ( )

A=x,y,+x,y,, B=yi+y?, C=xt+x2
a=(X2+y2) /3, B= (XX, +y:y,) /]

y= (G +y})/ T (A15)

Before discussing a method of solution, Egs. (A6) and
(A7) are written as

(AL +AyL,, +AL,)V=D (A16)
where
D=d,.,d,, V=xy, ngzaz/agz,... (A17)

and A,, A,, and A, are 2x2 matrices. Equation (Al6) is
solved by employing ADI or splitting techniques. The
method employed here is that of Peaceman and Rachford.!?
Application of this method yields

lonl + ATLy + ALy, + AL, 1AV
=D—[ALy+ ALy, + AL, 1"V=R" (A18)

where p, is a relaxation factor for the nth iteration. An
algorithm based on Eq. (A18) was implemented using the
two steps

[pnd +ATLy AV =R" (A19)
[p.+AfL, 1AV*=R* (A20)
with

AV=V*—V", AV*=V"t1_V* R*=R(V*) (A21)

Appendix B: Implementing the Orthogonality
Boundary Condition

Since the interior grid is adapting to a specified criterion,
we wish to ““‘impress’’ or ‘‘extrapolate’’ the interior structure
onto the boundary. One way to do this is to require the grid
to be locally orthogonal at the boundary. A local normal is
projected from each point along the =2 line onto the
boundary, or n=1 line. Use is then made of the fact that the
distance L between any point on n =2, such as (#,2), and the
boundary along the projected normal is minimum,

1f x(s), y(s) represent a point on the boundary, where s is
the arc length, then,

L= (x5 —x(8))? + (¥, —y(5))? (B1)
The s location that minimizes L is obtained by setting the

derivative of L to zero, i.e.,

dx dy
Crip =x(8)) — =+ i —=y(8)) —==0 (B2)

Equation (B2) is an equation for s that can be solved by
Newton’s method.
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The above procedure does not work in the trailing-edge
region of the airfoil. For such a region, an adaptation of the
scheme given by Eq. (15) may be used.
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